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A DUAL METHOD OF CONSTRUCTING HEREDITARILY 
INDECOMPOSABLE BANACH SPACES 


SPIROS A. ARGYROS AND PAVLOS MOTAKIS 

Abstract. A new method of defining hereditarily indecomposable Ba¬ 
nach spaces is presented. This method provides a unified approach for 
constructing reflexive HI spaces and also HI spaces with no reflexive 
subspace. All the spaces presented here satisfy the property that the 
composition of any two strictly singular operators is a compact one. 
This yields the first known example of a Banach space with no reflex¬ 
ive subspace such that every operator has a non-trivial closed invariant 
subspace. 


1. Introduction 

Defining a hereditarily indecomposable (HI) Banach space is not an easy 
task. It requires the definition of a subset W of coo(N) (the space of real 
sequences which are eventually zero), which in turn, acting as a set of func¬ 
tionals on coo(N), defines an HI norm. In all classical constructions the 
resulting space admits the unit vector basis of coo(N) as a boundedly com¬ 
plete Schauder basis. This appears to be an inevitable consequence of the 
saturation of the set W under certain operations which yield, for every n 
in N, a lower bound Cn of for every sequence of successive 

normalized block vectors and lim^ Cn = oo. 

There are two known types of HI spaces whose basis is not boundedly 
complete. The first one concerns the Too HI space Xk which appeared in 
m and is the result of mixing the Bourgain-Delbaen method 1 [BD] 1 of 
constructing Too-spaces and the Gowers-Maurey corresponding one l |GM| f 
of constructing HI spaces. The basis of the space is shrinking but not bound¬ 
edly complete. However, this is a consequence of the Too structure and not 
of the HI property of the space. In particular, every block sequence in the 
space has a boundedly complete subsequence, hence the space is reflexively 
saturated. 

The second type concerns HI spaces with no reflexive subspace. All such 
spaces whose norm is induced by a norming set W have a boundedly com¬ 
plete Schauder basis. This class includes spaces such as the Gowers Tree 
space [G] and the spaces which appeared in [Mr] . The predual of one 
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of the spaces presented in [AAT] is also an HI space without reflexive sub¬ 
spaces. This space admits a shrinking basis and none of its subspaces admits 
a boundedly complete basis. This predual is essentially different to a space 
which is induced by a saturated norming set W. The latter, as we have 
explained, always yields spaces with a boundedly complete basis. 

The preceding discussion leads to the following question. Does there exist 
a method of defining a norming set W such that the resulting space admits a 
shrinking Schauder basis and no subspace admits a boundedly complete one? 
This problem is directly related to the problem of the existence of a £oo- 
space which is HI and has no reflexive subspace. Indeed, any HI £oo-space 
must have separable dual m, 0) and if moreover it does not contain 
reflexive subspaces, then it does not contain a boundedly complete basic 
sequence. More generally, every Banach space with a boundedly complete 
basis and separable dual is reflexively saturated ([JR]). 

The aim of the present paper is to answer the first problem by providing 
a new method of defining a norming set W, which yields an HI space with 
a shrinking basis with no boundedly complete basic sequence. We perceive 
this method as the dual method of the classical one. This new approach 
allows us to affirmatively answer the second problem. Namely, there exists 
a Too HI space with no reflexive subspace. This result will appear in a 
forthcoming paper. Our goal is to use a more classical setting in order to 
present the definition of the norming set and its consequences, some of which 
are rather unexpected. 

The definition of the norming set W uses an unconditional frame, namely 
the Tsirelson-like space with constraints T(l/2”,5^, a)n- Norms which are 
saturated under constraints were introduced in [ABMj and [AM1| and are 
rooted in the earlier work of E.Odell and Th. Schlnmprecht ( [OSlj . [OS2] ). 
The norm of T(l/2”, 5^, a)n is described by the following implicit formula: 
if X G coo(N) then 

[ 1 

( 1 ) \\x\\ = max < ||x||oo, sup — ^ \\Egx\\mg 

( 

where the supremum is taken over all n € N, tS^-admissible successive subsets 
of N and sequences {rriq)'^^^ of N so that niq > 2 ™®'^'®'?-! for q = 
2,... ,d. The m-norms appearing in ([T|) are defined as follows. For m € N 
and X € Coo(N): 

^ m 

\\x\\m = — sup ||GiX|| 

i=\ 

where the supremum is taken over all successive subsets of N. 

The II • ||m norms, m G N, which appear in the definition above, do not 
contribute to the norm of the element x, in fact they acts as constraints. This 
results in the neutralization of the operations (1/2"', on certain sequences 
and thus, cq spreading models become abundant. As a consequence, every 
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Schauder basic sequence in the space admits either an l\ or a cq spreading 
model and both of them are admitted by every infinite dimensional subspace. 
This norm and its variants have been recently established as an effective tool 
for answering certain problems on the structure of Banach spaces and their 
spaces of operators [ABMj . [AMlj . |AM2| . [BFMj . 

The norm on T(l/2”, 5^, a)n is induced by the norming set Wa which 
is the minimal subset of coo(N) containing the basis (e*)j, all a-averages 
of its elements, i.e. averages of snccessive elements of Wa, and it is closed 
under the operations (1/2’^, Sn, a) for every n € N. The latter means that 
for every very fast growing family of successive a-averages, which is 

5n-admissible, the functional / = ( 1 / 2 ”) Yl^q=i^q ™ ^a- Any such / is 
called a weighted functional with w{f) = n. Hence, the set Wa includes the 
elements of the basis, a-averages and weighted functionals. 

The norming set W will be chosen to be a subset of Wa and its definition 
is based on a tree U, called the universal tree. This tree consists of finite 
sequences where {fk)k=i i® ^ sequence of successive non-zero 

weighted functionals in Wa, {xk)k=i i® ^ sequence of successive non-zero 
vectors in coo(N) with rational coefficients and for each 1 < m ^ d the 
weight of fm is uniquely defined by the sequence {{fk,Xk)}'J^Zi- 

We will consider a class of subtrees T of the universal tree lA. Each 
tree T in this class is either well founded and satisfies certain additional 
properties or T = hl. For such a tree T we define the norming set W-y- It 
is worth pointing out that for a well founded tree T the space T 7 -, induced 
by the set W-y, is a reflexive HI space, while for T = lA the space X-u 
admits a shrinking basis and does not contain a reflexive subspace. It is 
also interesting, and rather unexpected, that the reflexive and non-reflexive 
cases have a unified approach, as it is presented in the rest of the paper. 
Note that the Gowers Tree type HI spaces with no reflexive subspace ( 0 , 
[AATj ) have substantially increased complexity, concerning their definition 
as well as their proofs, compared to the corresponding reflexive HI spaces. 

For a subtree T of the universal tree lA, as above, we define the norm of 
the space Tt", which is very similar to the norm of the space r(l/ 2 ”, 5,^, a)n- 
Namely, the norm of Xj- is described by the implicit formula ([T]), the differ¬ 
ence lying in the definition of || • \\m norms, where 


\X\\m = sup 


- / / fc - /; fc 

m m 

i=l i=l 


Qi IS an ac-average 


and ac-averages are a-averages which are inductively defined. In other 
words, to define the norm of Xj- we impose some further restrictions on 
the a-averages used as constraints. Alternatively, the norming set Wj- is 
the minimal subset of coo(N) containing the basis, the ac-averages and all 
/ = ( 1 / 2 ”) Ylq=i where {aq)'^^^ is a very fast growing and 5„-admissible 
family of ac-averages. 
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Let US observe that in the definition of Wj- the conditional structure, 
which yields the HI property of the space X 7 -, is contained in the ac-averages. 
The space X 7 - satishes the following property. If T is a well founded subtree 
of U, for every block sequence with rational coefficients {yi)i in Xj- there 
exist a further finite block sequence {xk)'i=i^ with 1/2 < ||xfc|| ^ 10 , and 
{fk)k=i ™ ^T) such that {{fk^Xk)}k=i ^ maximal element of T and 
II Xk\\ ^ 27. If T = U, the corresponding result holds in the space Xu 
for a branch {(/fc, of U such that || Yli'k=i ^k\\ < 27, for all d G N. 

Below we summarize the properties of the space X 7 -, in the case the tree 
T is well founded. 

Theorem A. If T is well founded, then the space Xj- satisfies the following 
properties. 

(i) The space Xj- has a bimonotone Schauder basis, it is hereditarily 
indecomposable and reflexive. 

(ii) Every Schauder basic sequence in Xj- admits either i\ or cq as a 
spreading model and every infinite dimensional subspace of Xf ad¬ 
mits both of these types of spreading models. 

(hi) For every block subspace X of Xq- and every bounded linear operator 
T : X ^ X, there is A G M so that T — XI is strictly singular. 

(iv) For every infinite dimensional subspace X of Xj- the ideal of the 
strictly singular operators S{X) is non separable. 

(v) For every subspace X of Xj- and every strictly singular operators S, 
T on X, the composition r5 is compact. 

(vi) For every block subspace X of X 7 -, every non-scalar bounded linear 
operator T : X ^ X admits a non-trivial closed hyperinvariant 
subspace. 

The above should be compared to the main theorem from [AM1| . where a 
space with very similar properties is presented. The key difference between 
the aforementioned case and the present one is in property (v), namely in 
[AMI I it is only proved for compositions of three strictly singular operators, 
and not two. In [AMlj special weighted functionals are used, which impose 
the necessity to include /^-averages in the definition of the norming set. The 
absence of these two notions in the present construction yields property (v), 
which is the best possible, as well as simplified proofs, compared to those in 

[AmT] . 

Below we present the main properties of the space Xu- 

Theorem B. If T = U, then the space Xu satisfies the following properties. 

(i) The space Xu has a bimonotone and shrinking Schauder basis, it is 
hereditarily indecomposable and contains no reflexive subspace. 

(ii) Every Schauder basic sequence in Xu admits either ii, either, cq or 
the summing basis of cq as a spreading model and every infinite di¬ 
mensional subspace of Xu admits all three of these types of spreading 
models. 
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(iii) For every block subspace X of Xu and every bounded linear operator 
T ■. X ^ X, there is A G K so that T — XI is weakly compact and 
hence strictly singular. 

(iv) For every infinite dimensional subspace X of Xu the ideal of the 
strictly singular operators S{X) is non separable. 

(v) For every subspace X of Xu and every strictly singular operators 5, 
T on X, the composition TS is compact. 

(vi) For every block subspace X of Xu, every non-scalar bounded linear 
operator T : X ^ X admits a non-trivial closed hyper invariant 
subspace. 

This is the first known example of a Banach space with no reflexive sub¬ 
space such that the space generated by every block sequence satisfies the 
invariant subspace property. 

In Theorems |A] and [B] property (vi) can be stated for every subspace X 
of the corresponding space, such that every T in C{X) is of the form XI -1-5', 
with 5 strictly singular. The present construction can also be carried out 
over the field of complex numbers. The corresponding complex HI spaces 
satisfy Theorems Kl and iBl in particular property (vi) holds for every closed 
subspace ([GMl Theorem 18]). 

2. The norming set of the space Xr 

This section is devoted to the norming set Wj- of the space. We begin with 
a brief presentation and discussion concerning the main ingredients involved 
in the definition of Wj-. As we have mentioned in the introduction we will 
consider subtrees of the universal tree U. Each such tree T is downwards 
closed and for every node which is non-maximal in T, all of its immediate 
successors in U are also included in T. For our needs the tree is either 
well founded, containing at least all elements {{fk,Xk)}k=i of ^ such that 
{fk)k=i 52-admissible, or otherwise T = IA. 

The second ingredient are the Oc-averages which are inductively defined 
and are described as follows. 

To each weight n we assign a unique weight (t>{n) that appears in the 
tree T- Two different weights n and m are comparable, if there exist 
{{ fi , xi ),. .. ,{ fk , Xk )} in T and 1 ^ i < j ^ k such (p{n) = w { fi ) and 
4>{m) = vj { fj ). Otherwise n, m are incomparable. 

We consider the following four types of averages. The first one are aver¬ 
ages of the basis (e*)i, called basic averages. 

The second one are TC-averages, i.e. a-averages of the form (1/n) Y17=i 9 i 
with pairwise incomparable. 

The third one are TT^-averages, i.e. a-averages of the form (1/n) 9 i 
such that there exist {(/i, xi),..., {fm,Xm)} in T and 1 ^ki < ■ ■ ■ < ^ 

m with w{fki) = (t){w{gi)) and \gi{xki)\ > 10. 

The last type are the conditional averages, called CO-averages. Those are 
a-averages of the form /n){gi — g 2 + g^ — g^ + ■ ■ ■ + (—l)”'^^(7ri) such that 
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there exist {{fi, xi),..., {fm, Xm)} in T and 1 ^ ki < ■ ■ ■ < kn ^ n with 
w{fki) = 4>iw{gi)) and - gj{xkj)\ < 1 / 2 * for 1 ^ i ^ n. 

The third and fourth types of averages explain why we consider in the 
universal tree U families of pairs {{fk,Xk)}f.^i, instead of {fk)t=i which is 
the approach used in the classical norming sets. We note that the basic 
averages permit to begin the construction of weighted functionals in the 
norming set W-j-. The CO-averages are responsible for the whole conditional 
structure in the space X 7 -. The remaining two types of averages are necessary 
to exclude the presence of cq in the space. 

2.1. The Schreier families. The Schreier families is an increasing se¬ 
quence of families of finite subsets of the natural numbers, which first ap¬ 
peared in |AAj . and is inductively defined in the following manner. Set 

iSo = {{ra} : n E N} and 5i = {A C N : < minF}. 

Suppose that Sn has been defined and set 

<Sn+i = IF C N : F = where Fi < ■ ■ ■ < Fk € Sn 

and k ^ min Fi | . 

For each n, Sn is a regular family. This means that it is hereditary, i.e. 
if F E and G C F then G E it is spreading, i.e. if F = {A < ■ ■ ■ < 
id} E Sn and G = {ji < ■ ■ ■ < jd} with ip ^ jp for p = 1,..., d, then G £ Sn 
and finally it is compact, if seen as a subset of { 0 , 1 }^. 

If for n, m E N we set 

Sn * Sm = ^F C N : F = Uj^iFj, where Fi < ■ ■ ■ < F^. E 5^ 
and {min Fj : j = 1,..., /c} E <S„| , 

then it is well known m and follows easily by induction that Sn * Sm = 
Sn+m- 

2.2. The unconditional frame. The norming set of the space Xj- is a 
subset of IF(i/ 2 ",<s„,a)„) ^ version of the norming set of Tsirelson space, 
defined with saturation under constraints. 

We denote by coo(N) the space of all real valued sequences (cj)* with 
hnitely many non-zero terms. We denote by {ei)i the unit vector basis of 
coo(N), while in some cases we shall denote it as {e})i. For x = {ci)i E coo(N), 
the support of x is the set suppx = (i E N : Ci ^ 0} and the range of x, 
denoted by ran x, is the smallest interval of N containing supp x. We say that 
the vectors xi,..., Xfc in coo(N) are successive if maxsuppxj < minsuppxj+i 
for i = 1,..., /c — 1. In this case we write xi < • • • < Xk- A sequence of 
successive vectors in coo(N) is called a block sequence. 

Notation. We remind some notation and terminology which is used con¬ 
stantly throughout this paper. 
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(i) A sequence of vectors xi < • • • < in coo(N) is said to be in¬ 
admissible, for given n G N, if {minsuppxj : i = 1,..., fe} G Sn- 

(ii) Let G C coo(N). A vector a G coo(N) is called an a-average of G of 
size s(a) = n, if there exist fi <■■■< fd € G, where d ^ n, such 
that 

« = —(/i + • • • + fd)- 
n 

(hi) A sequence of successive a-averages of G {aq)q is called very fast 
growing if s{aq) > for q > 1. 

Definition 2.1. We define Wa = hL(i/2’^,<s„,o)n smallest subset of 

coo(N) satisfying the following properties: 

(i) for every i G N, e* G Wa and the set Wa is symmetric, 

(ii) the set Wa contains all a-averages of Wa, 

(hi) for every n G N and every very fast growing and 5n-admissible se¬ 
quence of a-averages of Wa (aq)^^i, the vector / = (1/2"') 
is also in Wa- 

We note that, as it is usually the case in this type of constructions, the size 
of an average and the weight of a weighted functional may not be uniquely 
defined. However, this does not cause any problems. 

Remark 2.2. The set Wa satisfies the properties mentioned below. Note 
that properties (i), (ii) and (hi) follow readily from property (iv). 

(i) Every / G Wa is either of the form / = ±e*, either an a-average 
of Wa or / = (1/2") Ylq=i ^qi where (ag)^^;^ is a very fast growing 
and <Sn-admissible sequence of a-averages of Wa- In the last case we 
shall say that / is a weighted functional of Wa of weight w(f) = n- 

(ii) For every / G Wa and subset of the natural numbers E, the func¬ 
tional Ef, i.e. the restriction of / onto E, is also in Wa- 

(hi) The coefficients of every / G Wa are rational numbers. In particular, 
Wa is a countable set. 

(iv) The set Wa can be constructed recursively to be the union of an 
increasing sequence of sets (HT()“^q, where W^ = {±e* : f G N} 
and if Wf^ has been defined, then W^j^^ is the set of all a-averages 
of W^, II/^_|_i is the set of all weighted functionals constructed on 
very fast growing sequences of elements of and IL/^+i = W^ U 

2.3. The universal tree U. We denote by Q the set of all finite sequences 
{(/i, xi),..., (/fc, Xfc)} satisfying the following: 

(i) the fi, - - -, fk are successive non-zero weighted functionals of Wa and 

(ii) the xi,... ,Xfc are successive non-zero vectors in coo(N, Q) (i.e. they 
are vectors in coo(N) with rational coefficients). 

Note that Q is a subset of Un(ILa x coo(N, Q))" and hence countable. 

Choose an infinite subset L' = {£k '- A: G N} of N satisfying: 
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(i) miiiL' ^ 8 and 

(ii) for every A: G N, Ik+i > 2^^*. 

Define a partition of L' into two infinite subsets Lq and L'^ and choose a 
one-to-one function a : Q ^ L[, called the coding function, so that for every 
.. ,{fk,Xk)} G Q, 

(2) a{{{fi,xi),...,{fk,Xk)}) > WfkW^ maxsupp Xk- 

A finite sequence {ifk,Xk)}f.^i G Q is called a special sequence if: 

(i) tc(/i) G Lq and 

(ii) if d ^ 2 thenu;(/fe) = a{{{fi,xi),{fk-i,Xk-i)}) for A: = 2,.. ., d. 

Remark 2.3. Note that if {(/fc, 2 :fc)}fe=i is a special sequence, then ([2]) and 
(ii) imply that w{fi) < ■ ■ ■ < w{fd). 

Note that if {{fk,Xk)}f^i is a special sequence and 1 ^ p ^ d, then 
{(/fc) 3^fc)}fc=i is a special sequence as well, hence if we define U to be the set 
of all special sequences, then U is a tree endowed with the natural ordering 
“C” of initial segments. Note that the tree U is ill founded, more precisely 
every maximal chain of U is infinite. We shall call the tree U, the universal 
tree associated with the coding function a. 

2.4. Subtrees of U. We fix a subtree T oiU which satisfies the following 
properties: 

(i) for every {{fk,Xk)Yk=i in T and 1 ^ p ^ d {{fk,Xk)Yk=i is also in 
T, i.e. T is a downwards closed subtree of W, 

(ii) if {{fkjXk)}k^i is a non-maximal node in T, then for every element 

{fd+i,Xd+i) so that {{fk,Xk)YYX is in W, {{fk,Xk)YkYi i® ™ 
and 

(hi) for every {{fkjXk)}k=i in ^ with {fk)k=i being <S 2 -admissible, we 
have that {{fkjXk)}k=i i® in T- 

Definition 2.4. We define Li = which is a subset of and L = LqU 

Li. Define </> : {i G N : A ^ minL} L with (/)(i) = max{A G L : £ ^i}. 

Observe that the function (j) is non-decreasing, (/)(i) ^ i for all i G N and 
limj (/)(i) = oo. 

Definition 2.5. Two natural numbers i and j, both greater than or equal 
to minL, are called incomparable if one of the following holds: 

(i) 4){i) and 0(j) are both in Lq and 4>{i) ^ (p{j) or 

(ii) (p{i) and 4>{j) are both in Li and are incompa¬ 

rable, in the ordering of T. 

If i, j are not incomparable they will be called comparable. 
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2.5. dc-averages. We shall define very specific types of averages, based on 
the tree T and the notion of comparability of natural numbers from Defini¬ 
tion [221 Alongside averages of elements of the basis (e*)*, in the dehnition 
of the norming set Wq- we shall only consider these types of averages. 

Definition 2.6. Let gi <■■■< he weighted functionals in a subset G 
of Wa, all of which have weight greater than or equal to minL, satisfying 
(l>{w{gi)) < ■ ■ ■ < (t>{w{gd)). 

(i) The sequence {gi)i=i is called incomparable, if the natural numbers 
w{gi), i = ... .,(1 are pairwise incomparable, in the sense of Dehni¬ 

tion [231 In this case, if n G N with d ^ n we call the average 



an XC-average of G. 

(ii) The sequence is called comparable, if there exist m € N with 

d ^m, {(/i,xi),..., ifm,Xm)} G T and 1 h <■■■< kd m so 
that the following are satished: 

(a) w{fki) = (t>{w{gi)), 

(b) if d ^ 3 then ^ 10 for i = 2,..., d — 1 and 

(c) if d ^ 4 then - gj{xkj)\ < 1/2* for 2 ^ z < j ^ d - 1. 

In this case, if n € N with d ^ n and (ei)f=i is a sequence of alter¬ 
nating signs in {—1,1} we call the average 



a CO-average of G. 

(hi) The sequence {gi)i=i is called irrelevant, if there exist m G N with 
d ^ m, {(/i,xi),..., ifm,Xm)} G T and 1 ^ ki <■■■< kd ^ m so 
that the following are satished: 

(a) w{fki) = 4>{w{gi)) and 

(b) if d ^ 3 then | 5 i(xfcJ| > 10 for z = 2,..., d — 1. 

In this case, if rz G N with d ^ n we call the average 



an X7^-average of G. 

Any average which is of one of the forms dehned above, shall be called an 
cic-average of G. Basic averages will be referred to as Oc-averages as well. 


where a basic average is a functional of the form a = (l/n) 2 ) where 

d, n, ji < ■ ■ ■ < jd G N with d ^ n and are any signs in {—1,1}. 
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Remark 2.7. The class of Oc-averages, is a much more restricted version of 
the one of a-averages and, with the exception of basic averages, ac-averages 
are determined using the coding function cj, more precisely the tree T. 

Remark 2.8. If is a sequence in Wa which is of one of the three 

types described in Dehnition 12.61 then any subsequence of it is of the same 
type. Moreover, if E is an interval of N and ii = min{i : ETlran gi ^ 0} and 
Z 2 = max{z : E nrangfj 0}, then the sequence Egi-^, Egi.j^i,... ,Egi^ is of 
the same type as This last part in particular implies that whenever 

a is an average which is of one of the three types described in Dehnition 12.61 
and E is an interval of N, then Ea is an average of the same type. 

2.6. The norming set Wj- of the space X 7 -. 

Definition 2.9. We define Wj- to be the smallest subset of Wa which sat¬ 
isfies the following properties. 

(i) For every i € N, e* € Wj- and the set Wj- is symmetric. 

(ii) The set Wj- contains all Oc-averages of W 7 -, i.e. it contains all basic 
averages and all XC, CO and X7^-averages of W-y- 

(hi) For every n G N and every 5n-admissible and very fast growing 
sequence of Oc-averages of WV, / = 

in Wq-. 

Remark 2.10. The set IT 7 - satisfies the properties mentioned below. Note 
that property (ii) follows from an inductive argument using Remark 12.81 and 
property (iii). 

(i) Every / G Wj- is either of the form / = ±e*, either an de-average 
of Wj- or a weighted functional / = (1/2"') ^qi where 

is a very fast growing and 5n-admissible sequence of cic-averages of 
Wt- 

(ii) For every / G Wj- and interval of the natural numbers E, the func¬ 
tional Ef, i.e. the restriction of / onto E, is also in Wj-. 

(iii) The set IT 7 - can be recursively constructed to be the union of an 

increasing sequence of sets {Wm)m=Q-: where Wq = {±e* : i G N} 
and if Wm has been defined, then is the set of all dc-averages 

of Wm, ^m+i i® the set of all weighted functionals constructed on 
very fast growing sequences of elements of and Wm+i = 

The norm of the space Xj- is the one induced by the set W-j, i.e. for every 
X G coo(N) we set ||x|| = sup{/(x) : / G Wj-} and we define Xj- to be the 
completion of coo(N) with respect to this norm. By Remark 12.101 the unit 
vector basis of coo(N) forms a bimonotone Schauder basis for Xj-. 

Remark 2.11. The conditional structure of the space Xj- is only imposed 
by the CO-averages in the norming set IT 7 -, which are merely averages. In 
this sense, the conditionality appearing in the space Xj- is not as strict as 
in other HI constructions. 
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3. Special convex combinations and evaluation of their norm 


We first remind the notion of the (n, e) special convex combinations, (see 
|ADj ■ |AGR I ■ |ATj ) which is one of the main tools used in the sequel. We 
then include, without proof, some estimates from [AMI] , which also apply 
to the present case. 

Definition 3.1. Let x = YlkeF be a vector in coo(N) and n G N, e > 0. 
Then x is called a (n,e)-basic special convex combination (or a (n,e)-basic 
s.c.c.) if the following are satisfied: 

(i) F G Cfc ^ 0 for A: € F and Y.k&F Cfe = 

(ii) for any G C F, with G G <Sn-i, we have that Yhk&G ^k < £• 

Remark 3.2. We note for later use the following easy fact. If x = YlieF 
is a (n,e)-basic s.c.c. with 0 < e < 1/2 and for i G F \ {minF} we set 
4 = Ci/{EjeF\{minF} ^j) then y = EieniminF} Cifii is a (n, 2e)-basic s.c.c. 

The next result is from |AMT] . For a proof see m Chapter 2, Proposi¬ 
tion 2.3]. 


Proposition 3.3. For every infinite subset of the natural numbers M, any 
n G N and e > 0, there exist F C M and non-negative real numbers {ck)keF, 
such that the vector x = Ylk^F ^k^k is a (n, e)-basic s.c.c. 

Definition 3.4. Let xi < ■■■ < Xm be vectors in coo(N) and tpik) = 
minsuppxfc, for A: = 1,..., m. If the vector Y4k=i'^k&ip(k) is a (n,e)-basic 
s.c.c., for some n G N and e > 0, then the vector x = ^k^k is called a 

(n, e)-special convex combination (or (n, e)-s.c.c.). 


By T we denote Tsirelson space and by || • Ht its norm, as they were defined 
in m- This space is actually the dual of Tsirelson’s original Banach space 
defined in ID. The proof of the following result can be found in [AM 11 
Proposition 2.5]. 


Proposition 3.5. Let n G N, e > 0, x = Y^keF ^k^k be a (n,e)-basic s.c.c. 
and G C F. Then 


^ ^ Ckf'k 
k£G 


1 

T k£G 


The next result can also be found in [AM 11 Corollary 2.8]. A number of 
steps are required in order to reach this estimate, however the arguments 
used there also work in the present case unchanged and therefore we omit 
the proof. 


Proposition 3.6. Let {xk)k be a block sequence in Xj- with ||xfc|| ^ 1 for 
all A: G N, {ck)k be a sequence of real numbers and = maxsuppx^ for 
all k. Then 


k 


^6 


k 


T 
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The next crucial estimate follows from Propositions 13.51 and 13.61 A proof 
can be found in [AM 11 Corollary 2.9]. 

Corollary 3.7. Let n G N, e > 0 and x = be a (n,e)-s.c.c. in 

X 7 -, such that Ijxfcll ^ 1, for /c = 1,..., m. If T is subset of {1,..., m} then 



In particular, ||x|| ^ 6/2"' + 12e. 

Using Propositions 13.31 and 13.71 one can easily derive the next result. For 
a proof see [AMI] Corollary 2.10]. 

Proposition 3.8. The basis of X 7 - is shrinking. In particular, the dual of 
X 7 - is separable. 

We now give some definitions which will be crucial in the next sections, 
where we prove the properties of the space X 7 -. Rapidly increasing sequences 
are defined exactly as in |AMll Definition 2.13]. 

Definition 3.9. Let C ^ 1 and {nk)k be a strictly increasing sequence of 
natural numbers. A block sequence {xk)k is called a (C, (nfc)fc)-rapidly in¬ 
creasing sequence (or (C, (nfc)A;)-RIS) if jjrcfcj] ^ C for all k and the following 
hold: 

(i) for every k and every weighted functional / in Wj- with w{f) = j < 
Uk, we have \f{xk)\ < (7/2-^ and 

(ii) for every k, l/ 2 "'=+i maxsuppxfc < 1 / 2 "'“. 

The notion of a (C, 9, n)-vector and a (C, 9, n)-exact vector is defined 
identically as in [AMI] Definition 2.15]. 

Definition 3.10. Let n G N, C ^ 1 and 0 > 0. A vector x G X 7 - is called 
a (C, 0, n)-vector if there exist 0 < e < 1/(36(72^") and a block sequence 
{xk)^=i with jjxfcll ^ C for A: = 1 ,..., m such that: 

(i) minsuppxi ^ 8(72^", 

(ii) there exist non-negative real numbers (c^)^^ so that the vector 
YlT=i(^kXk is a (n,e)-s.c.c., 

(iii) X = 2 " Y1T=i ^kXk and jjxjj ^ 9. 

If moreover there exists a strictly increasing sequence of natural numbers 
(n-fc)^i with ni > 2 ^" so that is a (C, (R'A;)^]^)-RIS, then x is called 

a ((7, 0, n)-exact vector. 

Remark 3.11. Let x be a ((7, 9, n)-vector in X 7 -. Then, using Corollary 13.71 
we conclude that ||xjj < 7(7. 

Remark 3.12. Let x be a ((7, 0, n)-vector in X 7 -. By the choice of e and 
Ijxfcll ^ (7 for /c = 1,..., m, we obtain Jjxjjoo < l/(2^"36). 
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4. The o-index 

In all recent constructions involving saturation under constraints ( [AMlj , 
[AM2| . [ABM] ■ [BFM| ). the a-index has been used to help determine the 
spreading models admitted by block sequences. In contrast to the HI con¬ 
structions [AMI I and [AM2j , where the a-index is not sufficient to fully char¬ 
acterize the spreading models of block sequences, the present case resembles 
more closely the unconditional example from |ABM| . where the a-index is 
the only necessary tool to study spreading models admitted by the space. 
This is due to the fact that only a-averages, more precisely Oc-averages, are 
the only ingredient used to construct weighted functionals. The definition 
of the a-index of a block sequence given below is identical to the one from 
[AMT] and [AM^ . 

Definition 4.1. Let {xk)k be a block sequence in Xj- that satishes the 
following: for every n € N, for every very fast growing sequence of Oc- 
averages of Wj- {aq)q, for every increasing sequence of subsets of the natural 
numbers {Fm)m, such that iaq)q£Fm is 5n-admissible for all m € N and for 
every subsequence {xk^)m of {xk)ki we have that 

lim ^ \aq{xkj\ = 0 . 
qeFrn 

Then we say that the a-index of {xk)k is zero and write a{{xk)k) = 0. 
Otherwise we write a{{xk)k) > 0. 

The next characterization, of when a block sequence has a-index zero, 
and its proof can be found in [AM1[ Proposition 3.3]. Although here it is 
formulated slightly differently, the two versions are easily seen to be equiv¬ 
alent. 


Proposition 4.2. Let {xk)k be a block sequence in X 7 -. The following 
assertions are equivalent. 

(i) The a-index of {xk)k is zero. 

(ii) For every e > 0 there exists j G N such that for every n G N there 

exists G N such that for every k ^ kn and for every very fast 
growing and 5n-admissible sequence of ac-averages with 

s(ag) ^ j for g = 1 ,..., d, we have that Wq{^k)\ < £■ 

The next result is proved in [AM 11 Proposition 3.5]. 


Proposition 4.3. Let {xk)k be a seminormalized block sequence in X 7 - with 
ot{{xk)k) > 0. Then there exist 0 > 0 and a subsequence {xk^)m of {xk)k 
that generates an spreading model with a lower constant 0 / 2 ”, for all 
n G N. More precisely, for every n G N, subset of the natural numbers T, so 
that {xk^)m£F is iS„-admissible, and real numbers {cm)meF we have that 


^ ^ CraXkj, 
m£F 


0 




> — . , 

m£F 
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In particular, for all /cq, n G N, there exists a finite subset of the natu¬ 
ral numbers F with minF ^ ko and non-negative real numbers (cm)m€F, 
such that the vector x = 2’^ Ylm&F CmXkm. is a (C, 9, n)-vector, where C = 
sup{||xfc|| : k gN}. 

We now prove that block sequences with a-index zero admit only cq as 
a spreading model and that Schreier sums of them define rapidly increasing 
sequences. 


Proposition 4.4. Let {xk)k be a normalized block sequence in Xj- with 
Oi{{xk)k) = 0. Then {xk)k has a subsequence, which we also denote by 
(xfc)fc, that generates a spreading model which is isometric to the unit vector 
basis of Cq. Moreover, there exists a strictly increasing sequence of natural 
numbers {jk)k so that for every natural numbers n ^ ki < ■ ■ ■ < kn, real 
numbers and weighted functional / of Wj- with w{f) = j < jn, we 

have 


/ E 


^i^ki 


\i=l 


< 


9/8 

'W 


max Ci 
l^i^n 


Proof. Using Proposition 14.21 we pass to a subsequence of {xk)k, again de¬ 
noted by {xk)k, and choose a strictly increasing sequence of natural numbers 
so that the following are satisfied: 

(i) for every k gN, maxsuppxfc < lf2^ and 

(ii) for every feg, A: € N with k ^ ko and every very fast growing 
and ‘S’ifco -admissible sequence of ctc-averages (ag)^^i with ^(aq) ^ 
maxsuppxfcp we have 

d 

^ \aq{xk)\ < l/{ko2’^°). 

9=1 


We claim that {xk)k generates a spreading model isometric to cq. Using 
the third assertion of Remark I2.1UI we shall inductively prove the following: 
for every / G Wm, natural numbers n ^ ki < ■ ■ ■ < kn and real numbers 
Cl,..., Cn in [—1 ,1] we have 


( 3 ) 



< 



If moreover / is a weighted functional with w{f) = j < jn, then 

1 + 4 / 2 ^ 

21 ■ 

The desired conclusion clearly follows from the above and the fact that the 
basis of Xj- is bimonotone, omitting if necessary a finite number of terms of 
the sequence {xk)k- 

We now proceed to the proof of the inductive step. The case m = 0 is an 
immediate consequence of the fact that the sequence {xk)k is normalized and 


( 4 ) 


/ E 




\i=l 
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Wq = {±e* : i € N}. Assume now that m is such that the conclusion holds 
for every functional in Wm and let / € Wm+i- If / is an cic-average of Wm, 
then by the inductive assumption we conclude that ([3]) holds. Otherwise, 
/ is a weighted functional of weight w{f) = j, i.e. there is a very fast 
growing and Sj admissible sequence of cic-averages of Wm (aq)q=i so that 

/ = Yfq=iOtq- Assuming that f{YJi=iCiXki) 7 ^ 0, set qo = min{gf : 

maxsiippoq ^ minsupp Omitting, if it is necessary, the first — 

1 averages, we may assume that qo = 1. the We distinguish three cases 
concerning the weight of /. 

Case 1: j < jk^- Since the sequence is very fast growing, for 

O' > 1 we have s{aq) > maxsuppoi ^ minsuppxfc^. Also, since {aq)q ^2 is 
Sj admissible with j < jk ^, by (ii) we conclude: 


(5) 


E 

q=2 


(y.n 


E 

\i=l 




1 


< n 


/ci2'=i 



Moreover, by the inductive assumption we obtain |ai(X]r=i < I + 

3/2"'. Combining this with 


( 6 ) 



1 + 4/2" 
2^ 


This concludes the proof of the first case and also (jl|) of the inductive as¬ 
sumption. 

Case 2: there is 1 ^ io < u so that ^ j < jkiq+i- Arguing in an 
identical manner as in the previous case, we obtain 


(7) 



< 


1 + 4/2''»o+i 
2'^7io 



Also, if io > 1, by (i) we have that 1/2-^ maxsupp < l/2^*o-i and 

hence: 


( 8 ) 


/ f CiXki 
\i<io / 




ooiuaxsuppxfc. , < 


1 




1 


*o-i ' 2^io-i ' 2’^ 


Combing ([7|) and ([8]) with the fact that |/(xfc. )| ^ 1 we conclude 


(9) 


/ Y 


^ 2=1 


< 1 + 


Case 3: j ^ jk„- Using that \f{xk„)\ ^ 1 and arguing as in ([8]) we obtain 
\fiY17=i CiXki)\ < 1 + 1/2" and this concludes the proof. □ 


Propositions 14.31 and 14.41 yield the following result, which characterizes 
the spreading models admitted by a given block sequence. 
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Corollary 4.5. Let {xk)k be a normalized block sequence in X 7 -. Then {xk)k 
has a subsequence that generates either an isometric cq spreading model or 
an spreading model for every n G N. More precisely, the assertions stated 
below hold. 

(i) The sequence {xk)k admits only cq as a spreading model if and only 
if a{{xk)k) = 0 . 

(ii) The sequence {xk)k has a subsequence that generates an spreading 
model for every n G N if and only if a{{xk)k) > 0- 


5. Estimations on exact vectors 


In this section we provide estimations on exact vectors whose sums define 
non-trivial weakly Cauchy sequences in Xu and in the general case pro¬ 
vide the fact that the space Xj- is hereditarily indecomposable. We give 
the definitions of exact vectors and exact sequences and several technical 
intermediate steps are presented in order to achieve the main estimate. 

The next estimate uses Proposition 15.61 and the properties of special con¬ 
vex combinations. It is proved in [AM 11 Lemma 3.8] and identical arguments 
also apply in this case. 


Lemma 5.1. Let x be a (C, 0, n)-vector in X 7 -. Let also be a very 

fast growing and 5j-admissible sequence of Oc-averages, with j < n. Then 


d 

^|ag(x)| < 
q=l 


6C ^ 

s(ai) 2 ^ 


These next two results follows readily form Lemma 15.11 and Proposition 
14.41 Their proof can also be found in [AM 11 Propositions 3.9 and 3.10] 


Proposition 5.2. Let C ^ 1 and 0 > 0. If {xk)k is a block sequence in 
Xj- so that each Xk is a (C, 0, nfc)-vector, with {nk)k a strictly increasing 
sequence of natural numbers, then a{{xk)k) = 0 and hence, every spreading 
model admitted by {xk)k is isometric, up to scaling, to the unit vector basis 
of Cq. 


Proposition 5.3. Let x be a (C, 6, n)-vector in Xf. Then for any weighted 
functional / in Wj- such that w{f) = j < n we have 


l/(^)l < 


IV 

IT' 


We now give the definition of an exact pair and a dependent sequence. 


Definition 5.4. A pair (/, x) where x is a (C, 0, n)-exact vector in Xj- and 
/ is a weighted functional in Wj- with w{f) = n, ran / C ranx and /(x) = 0 
is called a (C, 0 , n)-exact pair. 

Definition 5.5. Let C ^ 1 and 0 > 0. A sequence of pairs {{fk-,Xk)Yk=i^ 
where fk G Wj- and Xk is a vector with rational coefficients in Xj- for k = 
is called a (C, 0 )-dependent sequence if the following are satisfied: 
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(i) {fk,Xk) is a {C,6,w{fk))-exa.ct pair iov k = 1,... and 

(ii) {{fk,Xk)}i^i is in T, 

We introduce some notation baring similarities to the one used in |AM1[ 
Subsection 3.2] and |AM2] . 

Notation. Let x = 2” ^kXk be a {C, 9, n)-exact vector, with a 

(C, (nfc)^^)-RIS. Let also 51 < • • • < ^^ be weighted functionals in Wj-, all 
of which have weight greater than or equal to minL satisfying (j){w{gi)) < 
• • • < 4>{w{gd)) (see Definition 12.41) . We define the following subsets of N: 


loix, igi)f=i) = {j - n^ w{gj) < 2 ^”}, 
h{x, {gi)t=i) = {j : w{gj) < n} and 
hix, igi)f=i) = {j : 2 ^” ^ w{gj)}. 


Remark 5.6. Let x be a {C, 9, n)-exact vector and <71 < • • • < gd he 
weighted functionals in W-j-, all of which have weight greater than or equal 
to minL satisfying 4>{w{gi)) < • • • < (j){w{gd)). 

(i) If n G L, then the set Io{x, {gi)f=i) is either empty or a singleton. 
Indeed, by the choice of L', the fact that L <Z L' and the definition 
of (j) it is straightforward to check that if j G /o(x, (< 7 *)^^;^), then 
4>{w{gj)) = n and clearly at most one j can satisfy this condition. 

(ii) Also, the sets Ii{x, {gi)f^.^^), hix, {gi)f^i) are successive intervals 

of d}, which clearly follows from the fact that (p is non¬ 

decreasing. 

Lemma 5.7. Let n ^ 2, x be a (C, 0, n)-exact vector in Xj- and <71 < 
■ ■ ■ < 9d he weighted functionals in IL 7 -, all of which have weight greater 
than or equal to minL satisfying (p{w{gi)) < ■■■ < (j){w{gd)). If we set 
h{x) = h{x, igi)f=i), then 



jeh{x) 


Proof. We will actually show that if is a weighted functional in Wj- with 
w{g) ^ 2^", then | 5 r(x)| < 0/2". If x = 2"-with (xfc)^^ a 
(C, (rafc)^i)-RIS, recall that according to Definition 13.lUI we have that 2^"' < 
ni. Set 


A = {k : Uk ^ 'ix{g)} and B = {k : w{g) < rik}. 


If A 7 ^: 0, set feo = max A. 


For k ^ B and 1 ^ /c ^ m, since {xk)^=i a (C, (nfc)^i)-RIS, we obtain 
\g{xk)\ < C and hence: 


( 10 ) 



where we used that w{g) ^ 2^” while the last inequality holds for all n ^ 2. 
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If A = 0 we are done. Otherwise we need some further calculations. 
Observe that 

(11) l5(2"Cfco^A:o)K2-CCfc„<^ 

where we used that, according to Definition 13.101 the vector Yl'k=i ^kXk is 
an (n,e)-s.c.c. with e < 1/(3602^"^). 

If A is a singleton, then (fTIH) and (fTTl) yield the desired estimate. Other¬ 
wise, if A is not a singleton: 


5 ( 2 ”^ CkXk j 

^ 5 I oomaxsuppxfco-i 

2 'y ^ ckXk 

\ k<ko J 


k<ko 


2”'=o / I \ 1 

^1 1.1 

^ 2 ^fco-i 22^36 ^ 22’^36 

where we used property (ii) from Definition 13.91 Remark 13.121 and that ko is 
in A, i.e. UkQ ^ wig)- The result follows from the above, (fTOll and (fTT|) . □ 

Lemma 5.8. Let 1^0^ 10/7, 0 > 0, {ifk,Xk)}l.=i be a (C, 0)-dependent 
sequence and l^n^m^£be natural numbers. Let also igj)j^i be a 
sequence of weighted functionals in IT 7 - and iej)j^^ be a sequence of signs 
in {— 1 , 1 }, so that one of the following is satisfied: 

(i) the sequence (gj)j^i is comparable and the signs are alter¬ 

nating or 

(ii) the sequence (gj)j^i is either incomparable or irrelevant. 

If for j = 1,..., d we define Dj = {n ^ k ^ m : wigj) < wifk)}, then 

d / m \ d I m 

(^xk\ -Y1 ^j9j 

j=l \k=n / j=l yfcE-Dj 

Proof. Recall that each Xk is a (C, 0, r(;(/fc))-exact vector and for all 1 ^ /c ^ £ 
define Ak = loixk, igj)j=i) and Bk = hixk, (gj)j=i)- Observe that 

d / m \ m 

Ejgjixk). 

j=l \k&Dj ) k=ljeBk 
Therefore, if we define Ck = hixk, igj)j=i) we conclude 

d / m \ d I m 

^i9j ('^^k \ -Y1 ^j9j Y1 

j=l \k=n / j=l yfcE-Dj 



^ 22c + d 


2C 

2«'(/n) ' 
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E 


X] ^jdjixk) + £j9j{xk) 

\i&Ak jeCk 




m 

EE SjOj {xk) 

k=nj£Ak 


k=n 


c 

2^(fk) 




EE EjQj {Xk) 

k=nj^Ak 


+ d 


2C 


where the first inequality follows from Lemma 15.71 while the second one 
follows from the fact that the rc(/j)’s are strictly increasing (see Remark 

1 ^. 

We will show that | Yl'k=i YIj^a^ ^j9jixk)\ ^ 22(7, which will conclude the 
proof. We remind that by Remark 18.111 ||xfc|| < 7(7 for all 1 ^ A: ^ We 
also remind that by Remark 15.61 each set Ak is either empty or a singleton 
and in particular, we note the following: if j E Ak then (f){w{gj)) = w{fk)- 
Moreover, the assumptions yield the 4>{w{gj)ys are strictly increasing. If the 
sets Ak are all empty there is nothing to prove. Otherwise, let fci < • • • < 
be all the /c’s in {1,... , £} satisfying Ak^ 7 ^ 0. Let also 1 ^ ji < ■ ■ ■ < js ^ d 
be so that for each i, ji is the unique element of Ak^, and hence (piwigji)) = 
wifki) for i = l,...,s. 

If s ^ 2 then the desired estimate follows from ||xfc|| < 7(7 for all 1 ^ 
k ^ Otherwise, s ^ 3 which implies that the sequence {gi)f^i is not 
incomparable, i.e. there are 1 ^ i < f' ^ d so that w{gj^) and w{gj^) are 
not incomparable in the sense of Definition 12.51 Indeed, since {{fkiXk)}k^=i 
is in T we have that 

a-^{cl){w{gj^))) = a-^iwifk^)) = {{fk,Xk)}l^S-^^ E {(A, 

= o-"^(rc(A3)) = a-\(j){w{gj^))) 


which means that w{gj 2 ) and w{gj^) are comparable. 

We conclude that the sequence {gjYj^i is either comparable, or irrelevant 
and therefore there exists m' E N with d ^ m', natural numbers 1 ^ < 

■■■ < and {{hk,yk)}‘^Li ™ A so that 4>{w{gj)) = w{hk'.) for j = 

1,..., d. Observe the following: 

( 12 ) {{hk,yk)}'lti ^ = <^~^{(l>{w{9js))) = 

The above implies that {ji, ■ ■ ■, js} is an initial interval of {!,..., d}, in 
particular: 

(a-) ji = i ioi i = 1,s and 
(b) k[ = ki for i = 1,..., s. 

Indeed, if 1 ^ t then (j){w{gt)) = u){hk>J = w{fk'J and hence j E 
This yields that there is 1 ^ i < s so that t = ji and ki = k[. A simple 
cardinality argument yields that {ji,... ,js} = { 1 ,..., s} and for 1 ^ i < s 
k[ = ki- Also, since js = s, (fT^ clearly yields that kg = /c(. 

Observe that the sequence {gj)j^i is not irrelevant. Indeed, the opposite 
would imply that 10 < |fl' 2 (yfc^)| = \ 92 {xk 2 )\ ^ ^ 10 ) a contradiction. 
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In the last remaining case, the sequence is comparable. Define 

E = {i : ki ^ {n,..., m}}, observe that E is an interval of s} and 

choose successive two-point intervals Ei,..., Ep of E\ {max ill, min ill}, so 
that E \ D^^^Ei has at most three elements. The fact that the sequence 
i9j)j=i is comparable and (b) yield that \gi(xkf) — gj{xkj)\ < 1/2* for all 
2^i<j^s — 1 and therefore, since the signs are alternating, if for 

each i we write Ei = (rj, ri + 1 } then we obtain 


^j9j{xki) 
for i = 1 ,... ,p and hence 


drixkr,) gr+lixkr^+i) 


1 1 

< - ^ — 

2D 2* 


EE ^j9j {xk^ 

k=nj€Ak 


Y^idiiXki) 

p 

< 21(7 + ^ 

Y ^i9i{Xki) 

ieE 

i=l 

j&Ei 


^ 22C. 


□ 


The result below is the main one of this section and it is used later to 
prove the main properties of the space Xj- and its operators. 

Proposition 5.9. Let 1 ^ C ^ 10/7, {(/fc,a^fc)}fc=i be a (C, 0)-dependent 
sequence and / be a weighted functional in W'f. If for some natural numbers 
1 ^ n ^ m ^ i we set D = {k £ {re,..., rrej : w{f) < w{fk)}, then: 



In particular, for every natural numbers 1 ^ re ^ m ^ £, || YlT=n ^^11 ^ 24(7. 

Proof. We first assume that the first statement holds to prove the fact that 
for 1 ^ re ^ rre ^ i, ^ 24(7. Let / G IL 7 -. We may as¬ 

sume that / is either an element of the basis, or a weighted functional. 
In the first case, \fiYl^=nXk)\ ^ maN{||xfc||cxD : n ^ k ^ m} < 24C by 
Remark 13.121 If on the other hand f is a weighted functional, we distin¬ 
guish three cases regarding the weight of /. If w{f) < w{fn), then the 
first statement yields that \f{YlT=nXk)\ < 47 ( 7 / 2 *'*( 7 ) <; 24(7. If there is 
n ^ kQ < m with w^fk^) ^ w{f) < ^(/fcp+i), then as before we obtain that 
l/(Efc>fco ^k)\ ^ 47C/2*''(7) ^ 47C/2*''(/'=o) < C (recall that w{h,) £ L and 
minL ^ 8 ). Also, by Remark 13.71 \f{xko)\ ^ 7(7 while (l2|) and Remark 
13.121 yield that \fQ2k<koXk)\ < C. We obtain that \fiYlT=nXk)\ < 9(7. In 
the last case we have w{f) ^ w{fm), where by using similar arguments we 
obtain \f{Yl'k=nXk)\ < 8(7. 

We now proceed to prove the first statement, for which we will use the 
third statement of Remark 12.101 In particular, by induction on p, where 
Wj- = yjpWp, we shall prove that for every weighted functional / in Wp and 





















A DUAL METHOD OF CONSTRUCTING HI SPACES 


21 


natural numbers iiD = {kG {re,..., m} : w{f) < w{fk)} 

then \f{Y.kGD^k)\ ^ 24:Cl2^<^f'>. 

The set VFo = {±e* : i G N} does not contain any weighted functionals 
and so the statement for p = 0 trivially holds. Let p € N such that every 
weighted functional in Wp satisfies the conclusion. Before showing that this 
property is satisfied by functionals in VLp+i, we remark the following: let a 
be an ac-average of Wp and re ^ m, then 


(13) 



236* 2C 
s(a) 


Indeed, if a is a basic average, then 


a 



^ max 
n^k^m 




1 


where the last inequality follows from Remark 13.121 If a is not a basic 
average, then there are natural numbers s ^ d and weighted functionals 
ffi < • • • < 5s in Wp, so that a = (1/d) Y!,i=i 9i (or a = (1/d) SiPi with 
the e/s being alternating signs). We define Dj = {/c € {re,..., m} : w{gj) < 
w{fk) and by Lemma (5^ we obtain: 


(14) 


a 


Y^xk 

\k=n / 


€ 


1 

i=i 


93 


The inductive assumption yields 
d 


E 

i=i 


9j Y 


,keDi 


d 

<E 

i=i 



47C 

2^(9j) 



i=i 


22C 

H-^ + 


47C 


2C 

2MM 




where we used the fact that, in order to define an cic-average, the 4>{w{gj)ys 
must be strictly increasing elements of L and minL ^ 8. Combining (|14ll 
with the above, (I13h follows. 

Let now / = (1/2-^) X)g=i CKg b® n weighted functional in Wp+i, with 
a very fast growing and <Sj-admissible sequence of cic-averages of 
Wp, and let also l^re^rre^^be natural numbers. Define D = {k G 
{re,..., m} : j < w{fk)} and also for A: G D set 


Mk = {q ■ ranog n ranxfc yi: 0} and 

Nk = s(ag)>8C'22-(/'=)}. 

Lemma l5 .1 1 yields that for k & D, 

Y < 


2'^ifk) 
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and therefore: 




Y1 Y1 + '^Y1 


g=i \keD 


k£DqGMk\Nk 


k&D q£Nk 


(15) 



keDq£Mk\N^ k£D 


keDq£Mk\Nk 



keD qeMk\Nk 


where we used that, according to Remark 12.31 the u’(/fc)’s are strictly in¬ 
creasing. 

Define A = \ N^, for q A set Dq = {k € D : g G \ N^} and 

observe the following: 



(16) 


We will show that the Dg’s are disjoint intervals of {n,... ,m}. Indeed, let 
q & A and ki, k 2 G Dq. It ki < k < k 2 , we will show that k G Dq. The fact 
that q G means that ranagriranx^^ 7 ^ 0 and ranaqriranx^j 7 ^ 0 

which, of course, yields that rana^ n ranx^ 7 ^ 0, i.e. q G M^. Also, 
q G Mk^ \ Nk^ means that s{aq) ^ in other words 

q ^ Nk and hence k G Dq. We now show that the Dg's are pairwise disjoint. 
Let qi < q 2 be in A and assume that k G n Dg.^- By the fact that 
rana^^ Hranxfc 7 ^ 0 and Definition 13.101 we obtain 


8 (^ 2 "'(A) ^ minsuppxfc ^ maxsuppagj 
and since the sequence {aq)q^i is very fast growing, we obtain that 
s{aq2) > maxsuppaqj ^ 8(72“’^-^'=^ 


which means that q 2 G N^, which contradicts k G 

If we set Uq = minDg, then the rig’s are strictly increasing and since the 
Dq’s are intervals, by (fT3|) 


(17) 



for all gr G A. Combining (fT^ . (fT6]l and (fT7)l : 
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where we used that, as implied by the definition of very fast growing se¬ 
quences, X]q(l/'S(ag)) < 2, that the w{fnq)’s are strictly increasing ele¬ 
ments of L and that minL ^ 8. Finally, we conclude that \f{Y2k&D)^k\ < 
47C/2K □ 

6 . Non-trivial weakly Cauchy sequences and the HI property 

OF the space Xr 

In this section we prove that in every block subspace of Xj- one can find a 
seminormalized block sequence {xk)k and a sequence of weighted functionals 
{fk)k SO that {{fk,Xk)}k forms a maximal chain in T. We conclude that Xj- 
is hereditarily indecomposable. We also show that in the case T is well 
founded, then the space Xj- reflexive. On the other hand, if T = U, then 
we show that Xu contains no reflexive subspace. 

Lemma 6.1. Let {fk)k be an infinite sequence of non-averages in Wj- so 
that for each n G N the set of all /c’s, so that fk is a weighted functional 
of weight w{fk) = n, is finite. Then there exists a subsequence of {fk)k-, 
again denoted by {fk)k, so that for every natural numbers ki < ■ ■ ■ < 
and alternating signs (ei)f=i in {—1,1}, the functional a = (l/d) £ifki 
is an de-average in W-y- 

Proof. By passing to a subsequence, either all fk’s are weighted functionals, 
or they are all of the form fk = where Sk G {—1,1}. Assume that 

the second case holds and recall that for al natural numbers d ^ n, ii < 

■ ■ ■ < id and for any choice of signs Ej, j = 1,... ,d the functional a = 
(^/n) J2j=i is an cic-average. The result easily follows. 

Assume now that the fk’s are all weighted functionals. Then lim^ w{fk) = 
oo and so we may pass to a subsequence so that the sequence (j){w{fk)) is 
strictly increasing. By Ramsey’s theorem |Ral Theorem A], by passing to a 
further subsequence, the (^(t(;(/fc))’s are either all pairwise incomparable, or 
all pairwise comparable, in the sense of Definition 12.51 If the first one holds, 
then for any natural numbers d ^ n, ki < ■ ■ ■ < kd and for any choice of 
signs Ej, j = 1,... ,d the sequence of functionals is incomparable, 

and hence a = (1/n) Yl'j=i^jfkj is an TC-average. This easily implies the 
desired result. 

We assume now that the (f{w{fk)ys are pairwise comparable in the sense 
of Definition 12.51 Observe first that for at most one A: G N we have that 
4>{w{fk)) G Lq and hence we may assume that 4>{w{fk)) G Li for all k € N. 
This further implies that {4’{w{fk))))k is a chain in T and hence, there 
exist sequences (/ij)i in Wa and {yi)i in coo(N,(Q), so that is 

in T for all n G N and there is a strictly increasing sequence of natural 
numbers {mk)k, so that = (t>{w{fk)) for all A: G N. By passing once 

more to a subsequence, we may assume that either \fk{ymif)\ > 10 lor all 

G N, or \fk{ymk)\ ^ 10 for all A: G N. If the first one holds, then for 
any natural numbers d ^ n, ki < ■ ■ ■ < kd and for any choice of signs Ej, 
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j = 1,... ,d the sequence of functionals {£jfkj)j=i is irrelevant, and hence 
a = ( 1 /r) XT^-average, which implies the desired result. 

Otherwise, we pass to an even further subsequence so that for every natural 
numbers/c < n we have that \fk{ymk)~fn{ymn)\ < 1/2^. This means that for 
any natural numbers d ^ n, ki < ■ ■ ■ < kj, sequence of functionals {fkj )j^i is 

comparable and therefore for alternating signs {£j)j^i, a = ( 1 /n) Yl'j=i ^jfkj 
is a CO-average. The conclusion follows easily. □ 


If we assume that the tree T is well founded, then there does not exist 
a strictly increasing sequence of natural numbers which are pairwise com¬ 
parable in the sense of Definition 12.51 In this case, the proof of Lemma l 6 .II 
yields the following. 

Lemma 6 . 2 . Assume that the tree T is well founded and let {fk)k be an 
infinite sequence of non-averages in Wj- so that for each re € N the set 
of /c’s, so that fk is a weighted functional of weight w{fk) = re, is finite. 
Then there exists a subsequence of {fk)k-, again denoted by {fk)k-, so that 
for every natural numbers ki < ■ ■ ■ < kd the functional a = {1/d) Yli=i fh 
is an Oc-average in Wj-. 


Lemma 6.3. Let {xk)k be a block sequence in X 7 - and assume that there is 
a constant C > 0 so that || ^k\\ ^ C for all £ G N. Then a{{xk)k) = 0. 


Proof. Assume that this is not the case. Then there exist e > 0, rre G N, 
a very fast growing sequence of Oc-averages {aq)g, a sequence of succes¬ 
sive subsets {Fn)n of N, with {aq)q^F^ iSm-admissible for all re G N and a 
subsequence {xk„)n of {xk)k so that 

We may also assume that ran Uq C ran Xk„ for all q G Fn and re G N, hence: 

Oiqixk') = 0 for k' / kn- 

q&Fn 

Choose reo > and observe that the functional 


/ 


1 

2 ^ 71+1 


2no—1 


n=no qeFn 


is a weighted functional in IT 7 - of weight w{f) = m + 1. Also observe that 
by dl]) and ([ 6 ]) 




^ 2 ^ 0-1 

k=l 


^27T.Q — 1 

^ /1 z 

k=l 


> 


2 m+l 


UqS > C 


which is absurd. 


□ 
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Lemma 6.4. Let {xk)k be a seminormalized block sequence in Xj- with 
oc{{xk)k) = 0. Let also {fk)k be a sequence of non-zero functionals in WV, 
so that fkixk) ^ (3/4)||xfc|| for all k gN. Then for each n G N the set of 
k’s, so that fk is a weighted functional of weight w{fk) = n, is finite. 

Proof. Assume that, passing to a subsequence, there is m G N so that fk is 
a weighted functional with w{fk) = rn for all A: G N. Proposition 14.41 yields 
that, passing to a further subsequence, there is A:o G N so that fk{xk) ^ 
(l/2™')(8/9)||xfc|| < (3/4)||xfc|| for all k ^ fco, which is absurd. □ 

Lemmas 16.31 and 16.41 immediately yield the following. 

Lemma 6.5. Let {xk)k be a seminormalized block sequence in Xj- and 
assume that there is a constant C > 0 so that ||X]fc=i®fc|| ^ C for all 
G N. Let also {fk)k be a sequence of non-averages in Wt", so that fk{xk) > 
(3/4)||xfc|| for all A; G N. Then for each n G N the set of A;’s, so that fk is a 
weighted functional of weight w{fk) = n, is finite. 

We obtain the first result that depends on the properties of the tree T. 

Proposition 6.6. If the tree T is well founded, then the space Xj- is re¬ 
flexive. 


Proof. We will show that the basis of Xj- is boundedly complete, which 
in conjunction with Proposition 13.81 and James’ well known theorem [Jl 
Theorem 1] yield the desired result. Let us assume that this is not the case, 
i.e. there is a seminormalized block sequence {xk)k and a constant C with 
II ^2^=1 ^k\\ ^ C for all m G N. For each A: G N choose a functional in W'j-, 
which is not an average, so that ran/^ C ranx^ and fk{xk) > (3/4)||xfc||. 
Lemmas 16.51 and 16.21 yield that there is an infinite subset of the natural 
numbers M, so that for every finite subset T of M the functional ap = 
{l/ffF) '^keF fk is an ctc-average of Wp. Note that for m ^ maxT we have 


ap 



1 


fk{xk) > ^mf\\xk\\ 

k&F 


Choose a natural number d > 6C'/(4inf ||xfc||) and Fi <■■■< so that 
the sequence (aFq)q=i is 5i-admissible and very fast growing. Then / = 

(1/2) X]g=i “P’? is in Wp and if m = maxF^ we obtain f{Y2fk=i^k) > C; 
which is absurd. □ 


The next result is one of the main features of saturation under constraints 
and it plays an important role in deducing the properties of the space. 

Proposition 6.7. Every block subspace X of Xp contains a block sequence 
generating an li spreading model, as well as a block sequence generating a 
Co spreading model. 

Proof. By Proposition 14.51 it suffices to find, given a block sequence gen¬ 
erating an ii spreading model, a further block sequence with a-index zero 
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and, given a block sequence generating a cq spreading model, a further block 
sequence with a-index positive. Assume that {xk)k is a block sequence gen¬ 
erating an spreading model, i.e. a{{xk)k) > 0. By Proposition 14.81 we 
may find C ^ 1, 9 > 0 and a further block sequence {yk)k so that each yk is 
a (C, 0, nA;)-vector, with {nk)k strictly increasing. Proposition 15.21 yields the 
desired result. Assume now that {xk)k is a normalized block generating a cq 
spreading model, i.e. a{{xk)k) = 0. Choose a sequence {fk)k of non-averages 
in Wj- so that for each k, ran/^ C ranxk and fk{xk) > 3/4. By Lemma 
16.41 and Lemma 16.11 we may pass to a further subsequence so that for every 
ki < ■ ■ ■ < kd and alternating signs the functional {^/d)Yl^^iSifki 

is an Oc-average of VL7-. Choose a sequence {Fn)n of successive subsets of N 
with ^ min Fn for all n € N and lim„ = 00. Also choose sequences 
of alternating signs (ei)i(zF„ and set yn = fi 

for all n G N. Since {xk)k generates a cq spreading model we conclude that 
{yn)n is bounded. Furthermore for each n, is an ac-average of size #F’n 
so that an{yn) > 3/4. It easily follows that a{{yn)n) >0. □ 

Lemma 6.8. Let {xk)k be a block sequence in the unit ball of X-j- generating 
a Co spreading model and {fk)k be a sequence of functionals in Wj- so that 
the following are satisfied: 

(a) fk is not an ac-average, ran fk C ran Xk for all A; G N and 

(b) there is a 0 > 0, so that (3/4)||xfc|| < fkixk) = 9 for all /c G N. 

Then for every n G N there are successive finite subsets of the natural 
numbers sequences of signs {£i)i^Fi,-, k = 1,... ,m and a sequence 

of non-negative real numbers (cfc)^^ so that the following are satisfied: 

(i) the vector x = 2^ ^kiYli^Fk ^i^i) is a (9/8,0, n)-exact vector, 

(ii) the functional a^ = (l/#Ffc) i® an Oc-average of Wf for 

A; = 1,..., m and 

(hi) the sequence (a/c)^^^ is <S„-admissible and very fast growing. In 
particular, / = (1/2”) Yl'k=i is a weighted functional in IL7- with, 
ran / C ranx, w{f) = n and f{x) = 0. 

Proof. By Corollary 14.51 a((.Tt.it.) = 0 and by Lemma [6.41 we obtain that, 
passing to a subsequence, {fk)k satisfies the conclusion of Lemma [6Tl i.e. 

(c) for every natural numbers ki < ■ ■ ■ kd and alternating signs (£i)f=i, 
the functional a = (1/d) ^ifki is an ac-average of IF7-. 

Corollary 14.51 yields that a{{xk)k) = 0 and so we pass once more to a 
subsequence and hnd a strictly increasing sequence of natural numbers {jk)k, 
so that the conclusion of Proposition l4.4l holds. i.e. for every natural numbers 
d ^ ki < ■ ■ ■ < kd, scalars (Ai)f^;^ we have 


d 

^i^ki 

i=l 


^ (9/8) max lAj 


(18) 
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and for every weighted functional in Wj- f with w{f) = j < jd, we have 

/ 


(19) 


V 2 = 1 


9/8 IX I 
< -r^ rnax Ad 
' 


Inductively choose a sequence of successive intervals of N {Iq)g so that the 
following are satisfied: 


(d) minlq ^ #7^ for all g € N, 

(e) # 4+1 > for all g e N and 

(f) 1 / 2 -^™^ 9 +i maxsupp Xmax 4 < for all g E N. 

For each q choose alternating signs and define 


Wq 


SiXi and aq 

i&Iq 


1 

#4 




Then (fTSl) and (d) yield ||t(;g|| # 9/8 for all (7 E N while by (c) and (e) {aq)q 
is a very fast growing sequence of cic-averages of W#. Since ran aq C ran Wq 
for all q we easily obtain the following: 

(g) whenever T C N is such that {wq)q^F is 5,i-admissible, then / = 
{l/2P‘)YliqeF^q is in VF 7 - and hence, if {Xq)q^F are non-negative 
scalars with X)qeF \ then /( 2 "- Ylq^F K'^q) = 

Furthermore, by (fTHD and (f), the sequence {wq)q is (9/8, (4)g)-RIS, where 
j'q = jminiq for all O' E N. 

By Proposition 13.31 we may choose qi < ■ ■ ■ < qm and non-negative real 
numbers {ck)^^i so that the vector x = 2^ YlT=i ^kWq^. satisfies all assump¬ 
tions of the definition of a (9/8,0, n)-exact vector (see Definition I3.10p . 
Therefore, the (/gj,)^i, for k = and {ck)^^i satisfy the 

desired conclusion. □ 


Remark 6.9. Let {xk)k, {fk)k satisfy the assumptions of Lemma iGTSl As¬ 
sume moreover that {gk)k is a sequence of successive functionals in IT 7 - such 
that for each n E N, the set of A:’s with w{gk) = n is finite. The same method 
of proof, and an argument involving Proposition 13.31 Remark 13.21 and the 
spreading property of the Schreier families, yields that we may find (4c)^i, 
k = 1,... ,m and satisfying the conclusion of Proposition 

16.81 so that moreover the functional g = ( 1 / 2 "’) X)fcLi((l/(#4c)) YlieF^ ^i9i) 
is a weighted functional of weight w{g) = n in Wq-. 

Lemma 6.10. Let A be a block subspace of Xj- and n E N. Then there 
exists a (9/8, 8/9, n)-exact pair (/, x) so that x is in X. 

Proof. By Proposition 16.71 there exists a normalized block sequence {xk)k in 
X generating a cq spreading model. Choose a sequence of functionals fk 
in ITV so that for each k, fk is not an average, fk{x)k > 8/9 and ran fk C 
ranxfe. Define x/ = {8/(9fk{xk)))xk and observe that the assumptions of 
Lemma ES] are satisfied for {x'jf)k, {fk)k and 9 = 8/9. The first and third 
assertions of the conclusion of that proposition yield the desired result. □ 
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Lemma 6.11. Let X and Y be block subspaces of Xq-, both generated by 
vectors with rational coefficients. Then there exists an initial interval E of 
N (finite or infinite) and a sequence of exact pairs {{fk,Xk)}k£E so that the 
following are satisfied: 

(i) for k odd Xk is in X while for k even Xk is in Y, 

(ii) {{fki Xk)}^^i is a (9/8, 8/9)-dependent sequence for all m € E and 

(hi) {{(/fc, ^ € E} is a maximal chain of T. 

Proof. Using an inductive argument and Lemma fO.lOl we choose a sequence 
of (9/8,8/9, nA;)-exact pairs {(/fc,a:fc)}^i so that (i) of the conclusion holds 
and {{fk, Xk)}'^^i is in U for all m € N. By property (i) of T from Subsec¬ 
tion [23] we obtain that {(/i,xi)} is in T. If for all m € N we have that 
{{fk^ Xk)}^^i is in T, then we obtain that for i? = N the conclusion is satis¬ 
fied. Otherwise, set mo = max{m E N : {(A, E T} and by property 

(ii) of T from Subsection 12.41 we obtain that, setting E = {1,... ,mo}, the 
conclusion holds. □ 

Recall that T Is a subtree of the universal tree U associated with the 
coding function a. If we take T to be all of U, we obtain the result below. 

Theorem 6.12. The space Xu contains no reflexive subspace. 

Proof. It is enough to show that any block sequence with rational coefficients 
is not boundedly complete. Indeed, let {zk)k be such a block sequence and 
apply Lemma 16.111 for X = Y = [{zk)k] to find a sequence of exact pairs 
{{fk,Xk)}keE satisfying the conclusion of that lemma. Recall that every 
maximal chain in Li is infinite and hence U = N. Finally, ||xfc|| ^ 8/9 for 
all E N while by Proposition 15.91 we have that ||X]fc=i®A:|| ^ 27 for all 
n E N. □ 

Theorem 6.13. The space Xj- is hereditarily indecomposable. 

Proof. We will show that for every block subspaces X and Y of X-j-, both 
generated by vectors with rational coefficients, and for every n E N there 
exists X ^ X and y £ Y so that ||x -|- y|| ^ 53 and ||x — y|| ^ (4/9)n. 
by passing to further block subspaces, we may assume the X and Y are 
generated by block sequences {zk)k and {wk)k respectively, so that 

(i) min supp zi ^ re, 

(ii) min supp Zfc > and min supp rcfc > 2 ™’“™pp^'' for all k E 

N. 

Apply Lemma 16.111 to find sequences {xk)k&E and {fk)keE satisfying the 
conclusion of that lemma. The maximality property of that conclusion in 
conjunction with property (iii) of T from Subsection l2.4l vield that there is an 
initial interval G of U so that the set {min supp A : /c E G} is a maximal 52 - 
set. By the definition of S 2 choose a partition of G into successive intervals 
Gi,... ,Gd so that: 

(a) {min supp/min Gq ^ (? = 1 ,... , d} is an 5i-set and 
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(b) {minsupp fk-k£ Gq} is an 5i-set for q = 1,... ,d. 

Then (i) implies that n ^ d while the maximality of {min supp fk'.kG G} 
implies that each {minsnpp/fc : k € Gq\ is a maximal 5i-set, i.e. = 

min supp/min Gg, for g = 1 ,..., d. 

Define Go = {k ^ G : k odd} and Gg = {/c € G : k even}. Set 
X = EfceGo^fc and y = Then x G X, y G T and ||x + y\\ ^ 

47(9/8) < 53 by Proposition 15.91 

The sequence {fk)kGGq can easily seen to be comparable and hence, the 
functional Uq = {i/#Gq)YkeGqi~^)^fk is an Oc-average for each q = 
l,...,n with Oiq{Yk£Gq(~^)^^k) = 8/9- Also the sequence (aq)g=i is <Si- 
admissible by (a). Also by (ii), s(ag+i) = minsupp/minGg+i > 
and hence the sequence {aq)q^i is very fast growing. We conclude that / = 
(l/2)Ej=i«g is in Wr and f{x-y) = (1/2) Eg=i «q(EfcGG,(-l)*'®fc) = 
(l/2)(i(8/9) ^ (4/9)n which yields the desired result. □ 


7. The spreading models of dir 

In the case T is well founded, i.e. the space X 7 - is reflexive, Propositions 
1431 and 16.71 clarify all types of spreading models admitted by Schauder basic 
sequences in subspaces of X 7 -. In the case of the space Xu non-trivial weakly 
Cauchy sequences exist in every subspace of the space and this section is de¬ 
voted to determining what types of spreading models these sequences admit. 
We start the section by presenting some simple general facts about spreading 
sequences, i.e. sequences which are equivalent to their subsequences. 

Lemma 7.1. Let {ek)k be a conditional and spreading Schauder basic se¬ 
quence so that if for all k we set = 62^-1 — 62 ^, then {uk)k is equivalent 
to the unit vector basis of cq. Then {ek)k is equivalent to the summing basis 
of Cq. 


Proof. Define di = ei and dk = eu — ek-i for k ^ 2. The fact that {ek)k is 
conditional and spreading implies that {dk)k is Schauder basic. We will show 
that {dk)k is equivalent to the unit vector basis of cq, which easily yields the 
conclusion. Since {dk)k is Schauder basic, it dominates the unit vector basis 
of Co so it remains to prove that it is dominated by it as well. Note that 
by the spreading property of {ek)k, both sequences {d 2 k)k and {d 2 k-i)k are 
equivalent to {uk)k and hence also to the unit vector basis of cq. Therefore, 
if (afc)fc is a sequence of scalars, finitely many of which are non-zero, then 


00 

^ ^ O-kdk 
k=l 


^ + 


00 

a2kd2k 

k=l 




00 

a2k-ld2k-l 

k=2 


which implies the desired result. 


□ 


Lemma 7.2. Let {ek)k be a 1-spreading sequence and {zk)k be a convex 
block sequence of {ek)k- Then {zk)k is 1-dominated by {ek)k- 
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Proof. Let n E N and {Xk)k^i be a sequence of scalars. We may assume 
that there is d E N and so that ^ Zk = 

where pk^i < Pm,j for /c < m and pk^i ^ Pkj foi' i < j- Then 


n 

^ ^ ^k^k 

k=l 


d 




Y^Ck 


max 


n 

k=l 


n 

fc=i 


□ 


Lemma 7.3. Let {ek)k be a 1-spreading Schauder basis sequence and {zk)k 
be an absolutely convex block sequence of {ek)k- Then for every e > 0, {zk)k 
has a subsequence which is (1 -|- e)-dominated by {ek)k- 


Proof. If for each k, Zk = CjCj with ~ ^ fc E N, 

define = {i E : A, ^ 0}, = F^ \ F^ and = YliPF+ 

A^ = J2i^F~ fix d > 0 and, by passing to a subsequence, there 

are A"*", A“ with Ylk l-^fc “ -^"''1 ^ Ylk “ '^”1 < Note that 

|A''“| + |A“| = 1. We shall assume that A'*' / 0 as well as A / 0, as the 
other cases are treated similarly. We may pass to a further subsequence 
so that for all fc, A^ / 0 and A^ / 0 and so we may define the vectors 
4 = (l/Afc ) EiGF+ ^k = (lAfc ) EiGF- Observe that {z+)k and 
{z^)k are both convex block sequences of (e,)*. Then if (aA:)fc=i is a sequence 
of scalars: 


n 


n 

'^<^k44 

+ 

n 

^k^k ^k 

k=l 


k=l 


k=l 



|A+| 

n 

+ |A-| 

n 

^akz+ 



k=l 


k=l 


|A+| 

n 

^ ^ ^k^k 

+ |A-| 

n 

^ ^ ^k^k 



k=l 


k=l 


+ 26 max |afc| 
+ 26 max |ofc| 


k=l 


+ 26 max \ak\ 


where the third inequality follows from Lemma 17.21 For 6 < e/(4C'), where 
C is the basis constant of {ek)k, the result follows. □ 


Proposition 7.4. Let JT be a Banach space and {xk)k^ {yk)k be Schauder 
basic sequences in X. If {xk)k admits an spreading model while {yk)k 
does not, then {xk — yk)k admits an £i spreading model. 


Proof. We pass to a subsequence so that {xk)k^ {yk)k and {xk — yk)k generate 
spreading models (zk), {wk)k and {uk)k respectively. We will show that (ufc)fc 
is equivalent to the unit vector basis of ii. According to the assumption, 
{wk)k is not equivalent to the unit vector basis of li and so we may choose 
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an absolutely convex block vector w = Y2k=i ^kWk with ||rc|| < c/2, where 
c > 0 is such that {zk)k c-dominates the unit vector basis of li. Since {wk)k 
is 1-spreading, by copying the vector w, we may find successive convex block 
vector '^keF ^kWk, all of which have norm strictly smaller that c/2. For 
n € N define dn = YlkeFn ^kUk- Then {dn)n is an absolutely convex block 
sequence of {uk)k and we will show that it is equivalent to the unit vector 
basis of ii- Lemma 17.31 will yields that {uk)k is equivalent to the unit vector 
basis of £i as well, which is the desired result. Indeed, let (cn)™=i be a 
sequence of scalars. Then 


'y ^ Cndr, 


n=l 


= lim 


^ lim 


(^fc +2 yk-\-i 

TL=\ y k^Fn 


E^dE ^k^k^i 

7l=\ y k^Fn 


— lim 


E^dE ^kUk+i 

n=l \kGFn 


E^ E ^k^k 

Tl=\ \k^Fn 


E^ E 

n=l \kGF„ 


E l I ^ \^ I I ^ \^ I 

|Cn| “ 9 2^ |Cn| = o / J 


n=l 


n=l 


n=l 


and the proof is complete. 


□ 


Proposition 7.5. Let (Aj)i be a sequence of scalars so that if (e^i is the 
basis of Xj- and Xk = Ylii=i k € N, then {xk)k is bounded and 

non-convergent in the norm topology. Then {xk)k admits only the summing 
basis of Co as a spreading model. 


Proof. Pass to a subsequence of {xk)k that generates a spreading model 
{zk)k- The fact that {xk)k is non-trivial weakly easily implies that {zk)k is 
either equivalent to the unit vector basis of ii, or a conditional spreading 
sequence. Then, if yk = X 2 k-i — X 2 k and Uk = Z 2 k-i — Z 2 k for all A; G N, the 
sequence {yk)k generates {uk)k as a spreading model. Lemma f6.3l implies 
that a{{yk)k) = 0 and hence by Proposition 14.41 {uk)k is equivalent to the 
unit vector basis of cq. Therefore, {zk)k is conditional and spreading and by 
Lemma O we deduce the desired result. □ 


Remark 7.6. Note that the summing basis norm is the minimum condi¬ 
tional spreading norm, in terms of domination. An argument similar to that 
used in the proof of Lemma E2] yields the following: if {xk)k is a sequence 
generating the summing basis of cq as a spreading model, then every convex 
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block sequence of {xk)k admits only the summing basis of cq as a spreading 
model as well. 

The next will be useful in the sequel. 

Lemma 7.7. Let {xk)k be a non-trivial weakly Cauchy sequence in X 7 -. 
Then there is a convex block sequence {yk)k of {xk)k that generates the 
summing basis of cq as a spreading model. 

Proof. Let x** be the r(;*-limit of {xk)k and -jjk = Then by 

Proposition 13.81 {yk)k-, rc^-converges to x**. By Lemma [7.51 passing to a 
subsequence, {yk)k generates the summing basis of cq as a spreading model. 
As {xk — yk)k is weakly null, by Mazur’s theorem there is a convex block 
sequence of {xk)k that is equivalent to a convex block sequence of {yk)k- By 
Remark 17.61 we deduce the desired result. □ 

Proposition 7.8. Every non-trivial weakly Cauchy sequence in Xj- admits 
a spreading model which is either equivalent to the summing basis of cq 
or equivalent to the unit vector basis of (. 1 . If moreover T = lA^ then ev¬ 
ery infinite dimensional subspace of Xu contains non-trivial weakly Cauchy 
sequences admitting both of these types of spreading models. 

Proof. Let {xk)k be a non-trivial weakly Cauchy sequence in Xj- and x** be 
its t(;*-limit. If for A: € N we set yk = By proposition 13.81 

we obtain that {yk)k rc*-converges to x** and hence, setting Zk = yk — Xk, 
the sequence {zk)k is weakly null. By Proposition 17.51 (viAi. admits only the 
summing basis of cq as a spreading model, while {zk)k is either norm null, 
or it is not. If it is norm null then clearly {xk)k admits only the summing 
basis of Co as a spreading model. Otherwise, it follows from Proposition 
liAl that {zk)k either admits only the unit vector basis of cq as a spreading 
model, or it admits the unit vector basis of as a spreading model. If the 
first one holds, we conclude that any spreading model admitted by {xk)k 
must be equivalent to the unit vector basis of cq and if the second one holds. 
Proposition 17.41 yields that {xk)k admits an (.1 spreading model. 

The second assertion is proved as follows; by Theorem 16.121 and Propo¬ 
sition 1731 we obtain that every subspace of Xu admits the summing basis of 
Co as a spreading model. Combining this with Propositions 16.71 and 17.41 we 
deduce that there is a non-trivial weakly Cauchy sequence in every subspace 
generating an spreading model. □ 

Remark 7.9. We comment that using the a-index it can be shown that 
every non-trivial weakly Cauchy sequence in Xj- admitting an li spreading 
model, has a subsequence that generates an Pf spreading model with lower 
constant 0/2”, for all re G N and some 0 > 0. 

The result bellows summarizes the main results concerning spreading 
models admitted by the space X 7 -, depending on the choice of T. 

Proposition 7.10. Every seminormalized weakly null sequence in Xj- ad¬ 
mits either li or cq as a spreading model and every non-trivial weakly Cauchy 
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sequence in Xj- admits either or the summing basis of cq as a spreading 
model. In particular the following hold. 

(i) If T is well founded (i.e. the space Xj- is reflexive), then every 
Schauder basic sequence in Xj- admits either li or cq as a spread¬ 
ing model and both of these types are admitted by every infinite 
dimensional subspace. 

(ii) If T = U, then every Schauder basic sequence in X'j- admits either 
ii, either cq, or the summing basis of cq as a spreading model and 
all three of these types are admitted by every infinite dimensional 
subspace. 


8. Operators on the space Xj- 

In this final section we prove the properties of the operators defined on 
subspaces of X'j-. We characterize strictly singular operators with respect to 
their action on sequences generating certain types of spreading models. We 
conclude that the composition of any pair of singular operators is a compact 
one. This ought to be compared to [AM 11 Theorem 5.19 and Remark 5.20]. 
We also show that all operators defined on block subspaces of X-j- non-trivial 
closed invariant subspaces and that operators defined on Xu are strictly 
singular if and only if they are weakly compact. 


Lemma 8.1. Let x, y be non-zero vectors in X-y. Then there exist non¬ 
averages f, g m. Wj- so that the following hold: 


(i) ran f C ranx and ranu C rany, 

(ii) fix) > (8/9)1 


(iii) 


9/(x)' 


xjj and g{y) > (8/9)||y||, 
^ 8/9. 


Proof. Choose a non-average g in Wj- with giy) > (8/9)||y||. If \gix)\ > 
(8/9)||x|| define / = sgn(y(x))y|rana; and observe that /, g satisfy the con¬ 
clusion. Otherwise g{x) ^ (8/9)||x|| and choose any non-average / in Wj- 
with f{x) > (8/9)||x|| and ran / C ranx. A simple calculation yields that 
/, g satisfy the conclusion. □ 


Lemma 8.2. Let (/, x) be an (9/8,8/9, n)-exact pair in Xj- and let also 
p in [—8/9,8/9]. Then there is a weighted functional g in IL 7 - of weight 
wig) = n, so that rany C ranx and | 5 (x) — p\ < 1 / 2 ”'+^. 

Proof. By Remark 13.121 we have that Uxjjoo < l/(2^"'36) < l/2"'"''^. The 
fact that fix) = 8/9 easily implies that there is an initial interval E of ran/ 
and e G {— 1 , 1 }, so that g = sEf is the desired functional. □ 


The following result characterizes strictly singular operators, defined on 
subspaces of X-p, in the following manner: an operator is strictly singu¬ 
lar if and only if it does not preserve any type of spreading model. It is 
worth mentioning this we could neither prove nor disprove the same result 
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in [AMlj . The reason for this difference is the presence of /3-averages in that 
paper and their absence in the present one. 

Proposition 8.3. Let X be an infinite dimensional closed subspace of Xj- 
and T : X —)■ Xj- be a bounded linear operator. The following assertions 
are equivalent. 

(i) The operator T is strictly singular. 

(ii) There exists a normalized weakly null sequence {yk)k in ^ so that 
{Tyk)k converges to zero in norm. 

(iii) For every sequence {xk)k in X generating a cq spreading model, 
{Txk)k converges to zero in norm. 

(iv) For every sequence {xk)k in X generating an spreading model, 
iTxk)k does not admit an ii spreading model. 

Proof. That (i) implies (ii) follows from the fact that ii does not embed 
into Xj- and that (iv) implies (i) follows from Proposition 16.71 We shall first 
demonstrate that (iii) implies (iv) and then that (ii) implies (iii). 

We assume that (ii) is true and towards a contradiction assume that there 
is a sequence in {xk)k in X, so that both {xk)k and {Txk)k generate an ii 
spreading model. By taking differences, we may assume that both {xk)k 
and {Txk)k are block sequences with a-index positive. By Proposition 14.31 
we may assume that there is 0 > 0 so that both sequences generate an 
if spreading model with a lower constant 0/2” for all n € N. Using the 
same Proposition, construct a block sequence {yk)k of {xk)k, so that each 
yk is a (C, 0, nfc)-vector and ||Tyfc|| ^ 0 for all A: € N with a {nk)k a strictly 
increasing sequence of natural numbers. Proposition 15.21 yields that {yk)k 
admits only cq as a spreading model, which contradicts (ii). 

We shall now prove that (ii) implies (iii). Toward a contradiction assume 
that there is normalized weakly null sequence {yk)k in X with lim^ Tyk = 0 
in norm, as well as a sequence {xk)k in X generating a cq spreading model, so 
that {Txk)k does not converge to zero in norm. By perturbing the operator 
T we may assume that the following are satisfied: 

(a) {yk)k, {xk)k and {Txk)k are all seminormalized block sequences with 
rational coefficients and 

(b) Tyk = 0 for all /c € N. 

For each /c G N, choose fk and gk so that the conclusion of Lemma 18.11 
is satisfied, i.e. ran/^ C ranx^, ran^r^ C ranTx^, fk{xk) > (8/9)ll^fc||) 
gk(Txk) > (8/9)l|rxfc|i and \gki{8/9fkixk))xk)\ ^ 8/9. Hence, if for all k we 
set xf = {8/9fk{xk))xk and 0 = (8/9)2inffc ||Txa:||/ sup^ ||a:fc|| > 0, then for 
all /c G N: 

(c) ran fk C ran a;),, ran^r^ C ranPx/, 

(d) fk{x'k) = 8/9, gk(Txf) ^ 0 and 

(e) \9k{x'k)\ < 8/9. 
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We note that the boundedness of T yields that {Txk)k admits only cq as a 
spreading model, combining this with gk{Txk) > (8/9)||Txfc|| for all A; G N 
and Lemma 16.41 we obtain that 

(f) for each n G N, the set of /c’s so that gk is a weighted functional of 
weight w{gk) = n is finite. 

We pass to a subsequence, so that there is p in [—8/9,8/9] so that 

(g) \gk{x',^) - p\ < 1/2^+^ for all A; G N. 

Let now n G N with n > 162||r||/0. We construct a (9/8,8/9)-dependent 
sequence {{hk, Zk)}'^^i with the following properties: 

(h) minsupp/ii ^ n and {hk)^^i is 52-admissible, 

(j) There is a partition of N into successive intervals {Gk)k and succes¬ 
sive subsets of the natural numbers {Fj)j as well as a sequence of 
signs {£i)i so that for k odd: 

2"''“' E f E 

j£Gk \ieFj ) 
jeGk ^ i&Fj 

(k) for k odd the functional 

j£Gk ^ ^ i&Fj 

is a weighted functional in Wj- of weight w{(j)k) = w{hk) and 

(l) for k even, i&iKpk-i < ran^;^ < ran(/>fc_|_i and Zk is a linear combina¬ 
tion of the iyk)k- 

Note that in the construction for k odd we use Lemma 16.81 (f) and Remark 
16.91 For k even we just use Lemma [6.101 while the fact that we continue this 
process until is <S 2 -admissible follows from properties (ii) and (iii) 

from Subsection 12.41 

Proposition 15.91 yields || ^ 27. We will finish the proof by show¬ 

ing that ||T(X]^i'2A:)|| > 27||r||, which is absurd. 

For k even, by Lemma (8.21 we may choose (pk in Wr with raiKpk C ranz^ 
and {(pkizk) — p\ < ^ 1/2^+^. Moreover, (g), (j) and (k) yield 

that for k odd, \(j)k{zk) — p\ < 1/2^“'"^ as well. We conclude: 

(m) \(t)k{zk) - (l>k'izk')\ < 1/2'" for 1 ^ A; < A:' ^ m. 

Since {{hk, Zk)}^^i is in T and (l)k is a functional of weight w{hk) for k = 
1 ,..., m by (1) and (m) we conclude that the sequence is compatible, 

in the sense of Definition 12.61 Arguing identically as in the proof of Theorem 
16.131 for the already fixed n we may choose a partition of {1,... ,m} into 
successive intervals so that if ag = (l/^Eg) then 

the sequence {ag)^^i is a very fast growing and 5i-admissible of Oc-averages 


Zk = 

— 
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of Wt- Define -0 = (1/2) which is in W-y- Then, by (b) and (1) 

T{YJk=i ^k) = Efcodd^^fc- By (d), (j) and (k) we obtain: 


T 



Tzk 

k odd 


^ Ip 




9=1 


E > 27IITII, 

^ y odd k&Eq 


□ 


We remind that in |AM1[ Theorem 5.19] it is proved that the composition 
of any triple of strictly singular operators, defined on a subspace of Ajgp, is 
a compact one. We were unable to determine whether that result is optimal 
or if it could be stated for couples of strictly singular operators. As we 
commented before Proposition 18.31 the construction of the space Xjgp form 
[AMI I uses /3-averages while the present one does not. A direct consequence 
of this difference is that in the case of the space Xj- we can prove the 
following. 

Theorem 8.4. Let A be a closed subspace of Xj- and 5, T : A —> A be 
strictly singular operators. Then the composition TS is a compact operator. 

Proof. Since ii does not embed into X-j-, it suffices to show that TS maps 
weakly null sequences to norm null ones and {xk)k be a weakly null sequence 
in A. If it is norm null then there is nothing more to prove. Otherwise, 
it either admits a cq or an ii spreading model. If the first one holds, then 
by Proposition 18.31 {Sxk)k bas a subsequence which is norm null. If on the 
other hand {xk)k admits an £i spreading model then, passing to subsequence, 
{Sxk)k is either norm null, or it generates a cq spreading model and hence, 
arguing as above, we obtain that (TSxk)k is norm null. □ 

Corollary 8.5. Let A be an infinite dimensional closed subspace of Xj- 
and 5 : A —>■ A be a non-zero strictly singular operator. Then S admits a 
non-trivial closed hyperinvariant subspace. 

Proof. Assume first that = 0. Then it is straightforward to check that 
kerS" is a non-trivial closed hyperinvariant subspace of S. Otherwise, if 
7 ^ 0, then Theorem 18.41 yields that S‘^ is compact and non-zero. Since 
S commutes with its square, by [Sil Theorem 2.1], it is sufficient to check 
that for any a, /3 € M with /3 7 ^ 0, we have {al — 5)^ -|- /3^/ 7 ^ 0 (see also 
m Theorem 2]). The fact that S is strictly singular, easily implies that this 
condition is satisfied. □ 


Lemma 8.6. Let {xk)k be a seminormalized block sequence in Xj- with 
Oi{{xk)k) = 0 and A = [(xfc)^]. Let T : A —)■ Xj- be a linear operator and 
assume that there exist e > 0 and a sequence of successive non-averages 
{gk)k in klV satisfying the following: 

(i) QkiTxk) > e and gk{xk) = 0 for all /c € N and 
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(ii) for all n G N the set of fc’s so that gk is a weighted functional of 
weight w{fk) = n is finite. 

Then T is unbounded. 

Proof. Towards a contradiction we assume that T is bounded. We may 
assume that the x^s have rational coefficients. Choose a sequence of non 
averages in VfV so that ran/^ C ranx^ and fk{xk) > (8/9)||xfc|| for all A: G N. 
For all A; G N dehne = {8/{9fk{xk)))xk and set 9 = (8e)/(9sup ||xfc||) > 0 
and observe the following: 

(a) gk{x'f.) = 0 for all A: G N and 

(b) gk{Tx'if) ^ e for all A G N. 

Let now n G N with n > 54||T||/0. We construct a (9/8,8/9)-dependent 
sequence {(hfc, so that minsupp/ii ^ n, {hk)^^i is <S 2 -admissible, 

there is a partition of N into successive intervals {Gk)k and successive subsets 
of the natural numbers {Fj)j as well as a sequence of signs {ei)i so that for 
A = 1,..., m: 



and the functional 



is a weighted functional in W 7 - of weight w{(pk) = w{hk)- Note that by (a) 

(c) (fk{zk) = 0 for A = 1,... ,m. 

Proposition 15.91 yields that || ^ 27. We will show that also 

\\'^iYlT=i ^k)\\ > 27||T||, which will complete the proof. 

Since {{hk, Zk)}^^i is in T and cfk is a functional of weight w{hk) for 
A = 1,... ,m by (c) we easily conclude that the sequence {{—1)^(l)k)'k=i 
compatible, in the sense of Definition 12.61 Arguing in the proof of Theorem 
16.131 we choose a partition of { 1 ,..., m} into successive intervals so 

that if aq = (l/#Llg) 0 ^, then the sequence is a very fast 

growing and 5i-admissible of cic-averages of W 7 -. An argument similar to 
that used in the end of the proof of Proposition 18.31 yields || Tzk\\ > 

ne/2>27\\T\\. □ 

Remark 8.7. If E is an interval of N, we denote by Pe the projection onto 
E, associated with the Schauder basis {ei)i of X 7 -. It easily follows that if 
{xk)k, {yk)k are block sequences in Xq-., then 

(i) if a{{xk)k) = 0 and {Ek)k is a sequence of successive intervals of the 
natural numbers, then a{{PEkXk)k) = 0 . 
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(ii) if a{{xk)k) = 0 and a{{yk)k) = 0 , then a{{xk + yk)k) = 0 . 

Lemma 8 . 8 . Let {xk)k be a seminormalized block sequence in X 7 - and 
^ = [ixk)k]- Let T : X ^ Xj- be a bounded linear operator and for each 
k £ N set yk = Pva.nxk'^Xk- If the sequence {yk)k is norm null, then T is 
strictly singular. 

Proof. By Proposition 18.31 it suffices to find a seminormalized weakly null 
sequence {uk)k in X so that {Tuk)k is norm null. For all k define Zk = 
L*[ljmin ranxfc — i]Txk and Wk = P[ma.^ra.nxk+i,oo)]Txk. By perturbing T and 
passing to a snbseqnence, we may assnme that Txk = Zk + Wk and Zk < 
Xk < Wk for all A: € N. We distinguish three cases. 

Case 1: {xk)k admits a cq spreading model. We will show that {Txk)k 
is norm nnll. If this is not the case then, passing to a snbseqnence, either 
{zk)k or {wk)k is bonnded below. We assume that the first one holds, set 
e = (3/4) inf II Zfc 11 and for each k choose {gk)k with lan gk C ranz^ and 
gk{xk) > (3/4)||xfc||. By Bemark 18.71 we obtain that a{{zk)k) = 0 and by 
Lemma 16.41 we conclude that the assumptions of Lemma 18.61 are satisfied, 
i.e. T is unbounded, which is absurd. 

Case 2: {xk)k admits an £i spreading model and {Txk)k does not, i.e. it 
is either norm null, or passing to a snbseqnence it generates a cq spreading 
model. In the first case we are done, in the second case choose a sequence 
of successive iSi sets {Fk)k with lim^ ffPk = 0 and for all k define Uk = 
{l/ffPk) Then {uk)k is the desired sequence. 

Case 3: by passing to a subsequence, both {xk)k and {Txk)k generate an (.1 
spreading model. Remark [SX] yields that either a{(zk)k) > 0 or a{{wk)k) > 0 
and we shall assnme that the first one holds. Passing to a snbseqnence, there 
are re € N, <5 > 0, a very fast growing sequence of Oc-averages {aq)q of IL 7 - 
and a sequence of successive subsets {Fk)k of N, so that 

(a) {ag)g^Fk is Sn admissible for all /c G N, 

(b) ranog C ranz^ for all q £ Fk, k £N and 

(c) ctqizk) > <5 for all k £N. 

By Proposition 14.31 there are C ^ 1, 0 > 0 and a block sequence {uk)k 
so that for each k, Uk = 2 "''“ i® ^ (C, 0 , refc)-vector with (refc) 

strictly increasing. Using an argument involving Proposition 13.31 Remark 
13.21 and the spreading properties of the Schreier families, we may also chose 
the sets Gk so that {aq)g£ijj^GkF <Sn+nk -admissible and hence, gk = 
(1/2”+”'=) XlgGUjgG Fj “9 i® ^ weighted fnnctional of weight w{gk) = n + rik 
for all k £ N. By (b) we obtain gk{uk) = 0 and by(c) gk{Tuk) > <5/2” for 
all k £N. Finally, combining these facts with Proposition 15.21 we conclude 
that {uk)k admits a cq spreading model, i.e. the assnmptions of Lemma [8Rl 
are satisfied. This means that T is unbounded, which is absurd. □ 

Theorem 8.9. Let X be a block subspace of X 7 -. Then for every bounded 
linear operator T : X ^ X there is a A € M so that T — XI is strictly 
singnlar. 
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Proof. Let {xk)k be the normalized block sequence so that X = [{xk)k]- We 
may, of course, assume that {xk)k is normalized and let Q{n} denote the 
projections associated with the basis {xn)n of X, i.e. = ^n,m- Then 

for each A: G N, Q{k}Txk = XkXk for some \k G 1^- Choose an accumulation 
point A of (Afc)fc and by Lemma [8^81 it easily follows that T — A/ is strictly 
singular. □ 

Remark 8.10. The reason the above result cannot be stated for every 
closed subspace of X 7 -, is that in the definition of the norming set Wj- it is 
not allowed to take a-averages of convex combinations of elements of Wq-. 
We note that the construction presented in this paper can also be used to 
obtain a space defined over the field of complex numbers. In that case, as 
it was proved in |GM[ Theorem 18], every subspace of Xff- satisfies the scalar 
plus strictly singular property. Therefore, compared to Theorem 18. Ill which 
is stated for block subspaces of X 7 -, every closed subspace of satisfied 
the invariant subspace property. 

Theorem 8.11. Let X be a block subspace of Xj- and T : X —)■ X be 
a non-scalar bounded linear operator. Then T admits a non-trivial closed 
hyperinvariant subspace. 

Proof. By Theorem 18.91 there is a A G M so that the operator S = T — XI is 
strictly singular. Note that S' 7 ^ 0, otherwise T would be a scalar operator. 
Corollary 18.51 yields that S admits a non-trivial closed hyper invariant sub¬ 
space Y. It is straightforward to check that X is a hyper invariant subspace 
for T. □ 

We note that the following property of the strictly singular operators on 
Xu, was also proved for an HI space which appeared in [AAT] . 

Theorem 8.12. Let X be a closed subspace of Xu and T : X —)■ Xu be a 
bounded linear operator. The following assertions are equivalent. 

(i) The operator T is strictly singular. 

(ii) The operator T is weakly compact. 

Proof. The implication (ii)^(i) immediately follows from Theorem 16.121 
Assume now that T is strictly singular and not weakly compact, which 
implies that there is a sequence {xk)k in X so that both {xk)k and {Txk)k 
are non-trivial weakly Cauchy. By Lemma 17.71 we may assume that {xk)k 
generates the summing basis of cq as a spreading model. Recall that the 
norm of the summing basis is the minimum conditional spreading norm and 
thus, we may assume that (Txk)k generates the summing basis of cq as a 
spreading model as well. We conclude that if i/k = X 2 k-i — X 2 k for all k, 
then both {yk)k and iTyk)k generate the unit vector basis of cq spreading 
model. Proposition 18.31 yields a contradiction. □ 

Remark 8.13. A proof identical to the one of [AMI] Proposition 5.23] yields 
that every infinite dimensional closed subspace X of Xj- admits non-compact 
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strictly singular operators, in fact all such operators define a non-separable 
subset of C{X). 
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